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The product-moment correlation coefcient is often viewed as a natural measure of dependence. However, this equivalence applies only in
the context of elliptical distributions, most commonly the multivariate
gaussian, where linear correlation indeed sufciently describes the underlying dependence structure. Should the true probability distributions
deviate from those with elliptical contours, linear correlation may convey misleading information on the actual underlying dependencies. It is
often the case that probability distributions other than the gaussian distribution are necessary to properly capture the stochastic nature of single
neurons, which as a consequence greatly complicates the construction of
a exible model of covariance. We show how arbitrary probability densities can be coupled to allow greater exibility in the construction of
multivariate neural population models.

Neural population coding of events in the world is thought to involve a
coordinated activity among neurons. In delineating the structure of this dependence among neurons in the brain, it is the time pattern of discharges
from individual cells that represents the variables or marginal dimensions
under study. A common misperception is that any marginal probability distribution can be used to construct a parametric model of this dependence
among variables. The most commonly used measure for dependence, the
Pearson product-moment correlation coefcient, was developed on the basis of normal marginals and addresses only linear dependence (Yule, 1897;
Mari & Kotz, 2001). However, a new and innovative approach, the so-called
copula method, provides the ability to couple arbitrary marginal densities
(Sklar, 1959; Joe, 1997; Nelsen, 1999). The word copula is a Latin noun that
refers to a bond and is used in linguistics to refer to a proposition that links
a subject and predicate. In probability theory, it couples marginal distributions to form exible multivariate distribution functions. The appeal of the
copula is that we eliminate the implied reliance on the multivariate gaussian
or the assumption that dimensions are independent.
Neural Computation 16, 665–672 (2004)

c 2004 Massachusetts Institute of Technology
°

666

R. Jenison and R. Reale

Recently, Nirenberg, Carcieri, Jacobs, and Latham (2001) indirectly estimated the relative contribution of neural dependence to mutual information, which accounted for about 10% of the information transmitted. Pola,
Thiele, Hoffmann, and Panzeri (2003) derived a method to directly estimate
the mutual information on the entire response joint probability distribution.
In both of these reports, as well as earlier studies of neural information, the
shape of the dependence structure is generally ignored and considered to be
absorbed into the joint probability density. In this communication, we show
how the conditional response entropy can be factored into separate independent and dependent contributions to transmitted sensory information.
These factors take the form of conditional differential entropies, and therefore the structure and impact of the dependence can be computed directly
rather than indirectly.
Sklar’s theorem (Sklar, 1959) states that any multivariate distribution can
be expressed as the copula function C[u1 ; u2 ; : : : ; uN ] evaluated at each of
the marginal distributions. By virtue of the probability integral transform
(Casella & Berger, 1990), each marginal ui D Fi .xi / has a uniform distribution
on [0; 1], where Fi .xi / is the cumulative integral of pi [xi ] for the random
variables Xi . The joint probability density follows as
p[x1 ; x2 ; : : : ; xN ] D

N
Y
iD1

pi [xi ] £ c[u1 ; u2 ; : : : ; uN ];

(1)

where pi [xi ] is each marginal density and coupling is provided by
N
C[u1 ;u2 ;:::;uN ]
c[u1 ; u2 ; : : : ; uN ] D @ @u
, which is itself a probability density. When
1 @u2 ¢¢¢@uN
the random variables are independent, the copula density c[u1 ; u2 ; : : : ; uN ]
is identically equal to one. The importance of equation 1 is that the independent portion, reected as the product of the marginals, can be separated
from the function c[u1 ; u2 ; : : : ; uN ] describing the dependence structure or
shape. There are several families of copulas, some of which are particularly
descriptive of the dependence structure observed among the discharge patterns of sensory neurons. The choice of copula is a form of model selection
that can be formalized using information criteria (Soo, 2000) such as the
Akaike information criterion (AIC) (Akaike, 1974). The AIC penalizes the
negative log maximum likelihood of the estimated model by the number of
parameters in the model [¡2 log (maximum likelihood) + 2 (number of parameters)]. A smaller relative AIC represents a better model t while taking
into account the complexity of the model.
We have shown previously the importance of considering the impact of
correlated noise on the acuity of sound localization by an ensemble of auditory cortical neurons in the cat (Jenison, 2000). Figure 1A shows a scatter
plot of the timing (latency) to the rst evoked spike following a sound presented at a particular location, µ, in space for a pair of neurons recorded from
separate electrodes in the primary auditory (AI) eld of an anesthetized cat.
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Figure 1: (A) Joint conditional probability density of rst-spike latency recorded
from two cortical neurons in response to a given sound source in space. Gray
contours correspond to estimated iso-densities based on the AMH copula. The
estimated single parameter ® controls the shape of the copula, here ® D 0:95. The
inset shows conditional cross sections of the joint density based on the copula
(gray) and estimated multivariate gaussian (black) (B) AMH copula density
c[u1 ; u2 j µ ] estimated from data shown in A. (C) AMH copula conditional
entropy as a function of dependence and neural ensemble size (N). Multiple
integrals were evaluated numerically using quasi–Monte Carlo integration.
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These two neurons are representative of a common class of eld AI cells
described by their spatial sensitivity to free-eld (actual or virtual) sound
sources. In this regard, these AI neurons exhibited broad spatial receptive
elds when measured with directionally dependent stimuli even at the low
intensity levels of the sound source (Brugge, Reale, & Hind, 1996). Furthermore, their response latency was tightly locked to stimulus onset, and
systematic gradients in latency were evident within the receptive eld. Models have been successfully developed that capture this systematic response
latency variability due to both sound-source direction and sound-source
intensity (Jenison, Reale, Hind, & Brugge, 1998; Reale, Jenison, & Brugge,
2003).
The joint probability density contours (gray) reect maximum likelihood
t inverse-gaussian (IG) marginal probability densities (Jenison & Reale,
2003) coupled by the Ali-Mikail-Haq (AMH) copula (see appendix A). The
AMH copula is parameterized by a dependence measure ®, which for the
general multivariate case ranges between 0 and 1. The t shown in Figure
1 yields ® D 0:95 with an AIC equal to 3642. In comparison, for this data
set, the AIC for independent IG marginals is 3728, and the multivariate
gaussian AIC is 3766. This gure shows two common characteristics of the
joint response of auditory cortical neurons. First, the marginal distributions
are positively skewed, unlike the gaussian distribution, and second, the dependence structure is not elliptical, which is also inconsistent with a multivariate gaussian density. The inset shows comparisons of this copula-based
joint density and the corresponding multivariate gaussian t conditioned
on several levels of rst-spike latencies from neuron 2. The estimated AMH
copula density c[u1 ; u2 ] is shown in Figure 1B, which can be viewed as a
function that modulates the product density to form the joint probability
density function as dened by equation 1. In this case, the AMH copula
density narrows in the lower tails (near zero) and broadens in the upper
tails (near one). This is a characteristic of the AMH copula and relates to
our general observations of AI cortical neurons where the strength of association between ensemble neurons is greater for shorter rst-spike latencies
compared to responses of longer latencies. When a pair of neurons res in
response to a particular location in space, the shorter latencies (which reect
a strong response) are more consistent within the ensemble; longer latencies
(weaker responses) tend to be less consistent. This analysis indicates that not
only is a multivariate gaussian density no longer a necessary assumption
in delineating the structure of dependence among neurons, but employing a multivariate gaussian density with these data would actually provide
misleading information, particularly for the behavior of the tail regions
that greatly inuence estimation. An important outcome of this improvement is that an ideal observer analysis of sound location using responses
from AI neurons can now employ parametric probability models using
the proper dependence structure and marginals (Jenison, 2000; Jenison &
Reale, 2003).
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Shannon information can provide a measure of the information available for localizing a sound source in space transmitted on average by a
given ensemble of N neurons. Mutual information between stimulus and
response is based on Shannon’s entropy, which can be interpreted as the
degree to which the total response entropy is reduced by the entropy conditioned on a particular stimulus setting µ. Let this conditional entropy be
H[x1 ; x2 ; : : : ; xN j µ], where xi is the response of the ith neuron. Using the
copula density, it is straightforward to show that the conditional entropy
can be split into two terms: the sum of entropies due to the independent
components of the conditional density and the quantity due strictly to the
dependence structure dened by the copula (see appendix B). This can be
expressed as
H[x1 ; x2 ; : : : ; xN j µ] D

N
X
iD1

H[xi j µ] C Hc [u1 ; u2 ; : : : ; uN j µ ];

(2)

where the copula entropy is
Hc [u1 ; u2 ; : : : ; uN j µ]
Z
D¡
c[u1 ; u2 ; : : : ; uN j µ] log c[u1 ; u2 ; : : : ; uN j µ]du:

(3)

[0;1]N

It follows as a consequence of equation 2 that copula entropy must be mathematically equivalent to the negative of the mutual information between
neurons, but with the benet of being computed directly from the dependence structure. Figure 1C shows the reduction in the conditional response
entropy due to the AMH copula as a function of dependence and parameterized by ensemble size N. The entropy of the copula is at its maximum at
zero dependence, and the copula entropy declines as a function of dependence and ensemble size. So although the decline is rather modest for a pair
of neurons, as suggested by Nirenberg et al. (2001), it accelerates here as the
ensemble size increases.
The importance of this separability is that it is generally complicated,
and often intractable, to parametrically model the joint probability density
if it is nongaussian. When independence is assumed and the product density is based on only the marginal densities, the joint probability is easy to
compute. Spike latency joint probability density can now be constructed
using the marginal densities coupled by the separately estimated copula
density function, which greatly simplies the construction. The gaussian
assumption is no longer a necessary constraint, and this newly found freedom allows for much greater exibility in computational modeling studies
of the brain. Finally, given the separability, the dependence entropy can be
computed directly to assess the impact of the shape of neural dependence
on sensory coding.
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Appendix A: Ali-Mikhail-Haq (AMH) Copula
The AMH copula distribution (Ali, Mikhail, & Haq, 1978) is an Archimedean
copula (Nelsen, 1999) that can be constructed by an additive generator function ’ and its inverse ’ ¡1 , if it exists, using the following form:
"
CArchimedean[u1 ; u2 ; : : : ; uN I ®] D ’

¡1

N
X
iD1

#
’[ui I ®] :

(A.1)

The generator function for the AMH copula is ’[uI ®] D log[ 1¡®.1¡u/
], which
u
has an inverse ’ ¡1 [yI ®] D e1¡®
,
and
yields
y ¡®
CAMH [u1 ; u2 ; : : : ; uN I ®] D

®¡

®¡1
QN 1¡®C®ui ;
iD1

(A.2)

ui

R x1
where ui D Fi .xi / D ¡1
pi .t/ dt is the marginal cumulative distribution.
® is the measure of dependence where 0 · ® < 1. An Archimedean ndimensional copula is a proper distribution if and only if the inverse generator function ’ ¡1 is completely monotonic (Schweizer & Sklar, 1983).
Appendix B: Copula Differential Entropy
The joint entropy can be factorized into the sum of entropies due to each
marginal density and the entropy of the copula (dependence structure):

H[x1 ; x2 ; : : : ; xN ] D
Z
¡

RN

N
X
iD1

H[xi ] C Hc [u1 ; u2 ; : : : ; uN ]

(B.1)

p[x1 ; x2 ; : : : ; xN ] log[p[x1 ; x2 ; : : : ; xN ]] dx
Z

D¡

N
Y
RN iD1

(

£ log
Z
D¡
£

N
Y
iD1

N
Y
RN iD1

(

pi [xi ] £ c [u1 ; u2 ; : : : ; uN ]

N
X
iD1

)
pi [xi ] £ c [u1 ; u2 ; : : : ; uN ] dx

pi [xi ] c [u1 ; u2 ; : : : ; uN ]
)

log pi [xi ] C log c [u1 ; u2 ; : : : ; uN ] dx:

(B.2)
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Integrate both sides of the equation over the unit hypercube:
Z
Z
¡
p[x1 ; x2 ; : : : ; xN ] log[p[x1 ; x2 ; : : : ; xN ]] dx du
RN

[0;1]N

Z
D¡

Z

£

RN

N
X
iD1

Z
¡

RN iD1

[0;1]N

(

N
Y

pi [xi ] c [u1 ; u2 ; : : : ; uN ]
)

log pi [xi ] C log c [u1 ; u2 ; : : : ; uN ] dx du

(B.3)

p[x1 ; x2 ; : : : ; xN ] log[p[x1 ; x2 ; : : : ; xN ]] dx

D¡

N Z
X

pi [xi ] log pi [xi ] dxi

iD1

Z

¡

[0;1]N

c [u1 ; u2 ; : : : ; uN ] log c[u1 ; u2 ; : : : ; uN ] du

:H[x1 ; x2 ; : : : ; xN ] D

N
X
iD1

H[xi ] C Hc [u1 ; u2 ; : : : ; uN ]

(B.4)

(B.5)
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